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Summary

An analytical solution for stresses has been found for a
structural composite that models the Doubler dipole. Structural
cylinders represent the material inside and outside of the ex-
citation current which is represented by two cosine theta sheet
current distributions. A pretensioned structural cylinder sur-
rounds the aforementioned materials. Thermal stresses are
represented only in so far as a uniform temperature differing
from room temperature alters the stress-strain relation. Temp-
erature gradients are not considered. The mechanical energy
stored in the elastic field is calculated. Numerical results
are given.

Thermo Elasticity

The effect of a temrerature change in elasticity is obtained

by considering the elastic energy density to have the form:l

1
13513 7 3C15%0%13%ke > (1)

where the summation convention for repeated indices is used. The

stress tensor 1s related to the strain tensor using

%33 T de.. - Ci5 * Cijkefxe

(2)

For homogeneous isotropic materials

cij = - k(3A+2u)'Gij (3)
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and

= A (4)

Cigka = MiySup t M8y 85,465085,)

where k is the thermal expansion coefficient integrated from
4,2°K to room temperature, X and p are the Lamé constants which
are related to the more familiar constants Y (Young's modulus)

and v(Poisson's ratio) as follows.

_ v _ 1
A GE=VO N G- R S W= gy ¢ (5)

Under these restrictions Hooke's Law becomes

v 1 kY
- + o= - (6)
%1 T @@y ¢ %1%k Y TRy Y Si5 T ooy 815 -
The condition of equilibrium is then
Boi.
==L + f, =0 (7)
0X, J ?

where fj is the body force which in our case will be the Lérentz
force JxB. Finally, since some of the boundary conditions relate
o the material displacement ﬁ, one needs the connection between
strain and displacement

R N i S B I (8)
13 2 | ax, X,
J i
For the problem at hand the body force is handled by a surface
traction and, therefore, the equilibrium condition Eq. (7) may be
satisfied identically through the use of the Airy stress function

¢:

2
= 2y - 9 ¢ (9)
O3 =835 V0 0% 0%
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The equation satisfied by the Airy stress function is determined
from the equations of compatibility which are imposed on strains
since the six strains in Eq. (8) must be interrelated in order to
be derivable from three displacements. If Hooke's Law, Eq. (6),
is used the equations of compatibility for stresses may be found

820
2 1 kk _
v 0ij * 1+v axiaxj 0

By introducing the approximation known as generaligzed plane
strain2 one reduces the problem to manageable proportions. In
this approximation one neglects the shear strains connected with

the longitudinal or axial direction but permits a free expansion

characterized by a uniform strain. For the normal stresses Eqg. (4)

gives
Oy1 = A(ell+€22+e33) + 2u€ll - k(3Ax+2u)
Ohy = X(ell+€22+833) t 2UE,, - k(3x+2u)

Suppose that the index 3 represents the longitudinal direction.

Then, from Egs. (5, 11, 12, 13) one has

o = v( 022) + Ye - kY,

33 °117F 33

Since €33 is considered constant in this approximation, Eq. (10)

becomes

2 82

Viosy t sxoaxs (91179000
1°%3

or, using Eg. (9) this becomes

2 9

b 8° B
0X.9X.
i J

(2v29-v%4) = 0

(10)

(14)

(15)

(16)
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Hence the Airy stress function satisfies the biharmonic equaticn

Vu¢ = 0.

Virial Theorem

Ore might expect that the boundary conditions which provide
for continuity of displacement and discontinuity of normal and
shear stresses according to known surface tractions would be
sufficient to specify all the unknowns in solving Eq. (17).
However, in this plane strain approximation, information relative
to the longitudinal ends is lost and must be supplied by some
integral condition. For this problem it is sufficient to invoke
the virial theorem which may be found as followsB. Let Tij be
the Maxwell stress tensor for the magnetic field introduced by

the current sheet. The body force fj in Eq. (7) is then given

by

To form the virial multiply Eq. (7) by x; and utilize Eq. (18).

Thus, after integrating over a volume

9 34 =
J xj Bxi (oij+Tij)d X 0

Integrate by parts using

3 _
EEN (x5854) = 8548445 + x4 7%,

to give

3, =
é Xj(oij+Tij)dSi - fdij(oij+tij)d X 0

Notice that the integrand in the volume integral is just the trace

of the tensor. But the trace of the Maxwell stress tensor is the

(17)

(18)

(19)

(20)

(21)
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4
negative of the energy density . Hence

/e a3x = - Wy (22)

PR R
iJ 1J
the magnetic energy. Since, in the problem considered oij‘is

zero on the boundary but Tij exists on the iron shield, one has

faijoij a3x = é Xty 5d8; Wy . (23)
It should be noted that Tij is taken to be zero on the end walls.

Hence one visualizes that the magnet structure has terminating ends.
Equation (23) indicates that, since the right hand side is posi-

tive, a net tensile structure is required to contain magnetic

forces in static equilibrium.

Pretensioned Banad

A method of characterizing a pretensioned member may be found
by utilizing the concept of rotational dislocation5 whereby dis-
continuity in rotational displacement is permitted. Thus ue(2ﬂ) -
ue(O) is given a preassigned value. This condition will be used
in the outer band rather than the customary continuity of dis-
placement.

Magnetic Field

Since a continuously distributed body force as given by the
Lorentz force JxB 1s more difficult to handle in the equations
of elasticity, the region of conduction current in the dipole
will be approximated by two current sheets, one at the inner edge
of the region and one at the outer edge of the region. Thué the
model to be considered consists of two cylindrical current sheets

each carrying an axial current density of



- — -

i r=b

& ;

i = cos8 at < %
i 11 r=c -

. o . -

See Fig. 1 for geometrical detalls. From the current
given and an iron shield located at r = ros

lowing magnetic field components.

) 2 -2 -
1 (l+b r ) + 1l(l+c r ) /
_ 2 2 . 2 =2
Hr = 1 (b r +b ry Y + 1l(l+c r ) &
bzrs—g) + il(c2r_2+02rs—2) ‘S
-
\ i, l+b r ) + 1 (l+02P _2) ~7
| 1 3 j
_ . 2. -2 .2 2 . 2 -2
He = - 27 10(—b r “4b°r ) o+ 1l(l+c r, )
io(-bgr“2+b2r 2y + il(-cgr‘2+c2rs‘2) ,

where the top entry refers to o<r<b,
and the bottom entry to c<r<rS

one needs the average field at the current sheets.

. 2 =2 i 2 -2 '7
< k 10(1+b T )+ 1l(l+c T ) 3
H_ = - 27 <
T/ Ay } io(b2c_2+b2r 2y + il(l+02rs_2) \
L v,
-~
1 b°r T2 & i_(1+cir T9) |
<'I> o) S 1 S N
H = - 27 Y i
9 Av / i (—bgc_2+b2r ‘2) + i 02r -2 !
0 S 1 S .
h .

Lorentz Force on Current Sheets

The force on a current sheet is given by

dF = ids kX(l

+ i (H R
/Av eﬁ\e’

where 1 is given by Eq. (24) and

density as

one finds the fol-

the middle entry to b<r<ec

In order to calculate the forces
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(24)
sinb ,
(25)
cos6
(26)
sin6 ,
(27)
cosb
(28)
(29)
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If £ denotes the force per unit area on the current sheet, then

-~
N

2 - - .
gﬁigb ro c + ioil(l+02rs 2) /

fo= n o o , - ! (l+cos2e) |
1Oil(—b c “+b r, ) + ifer, B

. 2 2 =2 . 2 =2
10(1+b r ) + 1011(1+c r )

sin2g

2 -2,,2

. . - =2 . 2 2
_2
1011(b c”H+br ) + ll(l+c r 2)

S

Maxwell Stress Tensor

The Maxwell stress tensor is found by noting that the Lorentz

force may be written as the divergence of a tensor. Thus

Exg = V-?

3

. . b
where, in cartesian components

2 1,2
R //BX - §B BX By BX BZ \
=_ 1 | 2" 1.2 z
% 2 1.2 |
% By By By B, B, - 58 j

From this it may be seen that the trace of the Maxwell stress

tensor is

T 152

the negative of the energy density.

Application to Doubler Dipole Magnet

Since generalized plane strain is characterized by

€ = g =0 |, €., = constant ,

(31)

(32)

(33)

(34)

(35)

(36)
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the corresponding stress in Eq. (6) becomes

0]
rr

%9 ~

g =
22

Gre =

Inversion

rr
80
ZZ

Ere -

Utilizing
rr
06
ZZ

Ere =

Since €
z7Z

(A+2p)€rr + Asee + AEZZ - k(3x+2u)

Xerr + (A+2u)eee + e - k{(3Xx+2u)

Z7Z

kgrr + xgee + (A+2u)ezz - k(3x+2yu)

2u€re

gives

1 .
FMEREMN) [2(A+u)0rr - A(oee+ozz)] + k

1

2u(3k+2u)'[2(A+U)066 - A(Orr+gzz)] tk

1
EIEEN] [2(A+u)OZZ - A(crr+oee)] + k

1
2Uu ré

Eg. (5) one has

Y[—vorr—voee+czzj + k
1+v
Y "ro

is taken to be constant in this approximation, Eq. (47)

may be used to eliminate O, - Thus
1+v
= — - - - +
€ 7 [(1 v)crr voee] ve, (1+v)k
_ 1+v
€gg = —Y—[-vorr+(l—v)oee] - Ve_, + (1+v)k

(37)
(38)
(39)

(40)

(41)

(42)

(43)

(44)

(45)

(46)

(47)

(48)

(49)

(50)
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The relation between the stresses and the Airy stress

function, Eaq. (9), becomes in cylindrical coordinates

1936, 1 3%
vy Tr W T 22
r r< 36
2
99 ~ : g
or
9 (1 3¢
96 = ~ 3¢'% 38’

For the problem under consideration one may take in each annular

region functions of the form

2

¢ = Alnr + Grognr + Br® + (Cr°

+Dru+Er_2+F) cos20

The constant G is related to a multivalued azimuthal displacement
and is set equal to zero except in the outer band where it is
used to characterize pretension.

Stresses, Strains and Displacements

One finds that Egs. (52-55) gives

r -2 -4 -2 ™~
3 Alr +2Bl—(2Cl+6E1r +4Flr Ycos26 ;
o = A r_z +2B,.-(2C.+6FE r_u+uF r_g)cos26 |
rr 2 2 2 2 2
A r'2+2G 1Inr+G.,+2B,-(2C.+6E r““+uF r'2)cos2e i
3 3 37773 37773 3 J
4 A -2 +2B.+(2C.+12D r2+6E r—u)cos26.\
T 1 1 1 1 /
o =<f -A r_2 +2B.+(2C.+12D r2+6E r‘“)cos2e K
66 2 2 2 2 2 |
i I !
- + +3G,+2B,+(2C + +6
L. A3r 2G3lnr 3G3 2B3 ( 3 12D3r E3r )cos28./
4 (2C,+6D r2 6E r“”—zF r_g)sin2e —7
\ 17771 1 1 /
1 2 -4 -2, .
O.g = (202+6D2r -6E2r —2F2r )sin2#8

2 -y _2. . \
(203+6D3r —6E3r -2F3r )sin26é DR

(51)

(52)

(53)

(54)

(55)

(56)

(57)
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where the top entry is the bore tube region a<r<b; the middle
entry is the region of conductors b<r<c

and the last entry re-
presents the pretensioned band c<r<d
Substituting Egs

. (55-57) into Egs
strains

(4LB-50) gives for the

- veZZ—(l+v)k] =

4 +2(1-2v,)B; “\
- 2y 6B, - -2 5
[2C,+12v D r"+ OEyr +4(1-v, )P r “lcos26 :
Ar? +2(1-2v,)B .
-4
—[202+12v2D2r + 6E o
A p=2

+M(l—v2)F2r_2]cos2e ,)
+2(1 2v3)G32nr+(l—ﬂv )G,+2(1-2v.)B

2 -4 )
—[203+12v3D3r +-6E3r +4(1-v )F3r Jcos26 _
X

(58)
-(1+v)k] =

-
+2(l—2vl)B

+ [2C.+12(1-v.)D r2+6E r_u+uv F r—g]cos26

1 1’71 11 5

_A p° +2(1-2v,)B |

r i 2 \

7

+Mv2F2r ]cos2e ]

+2(1 2v3)G32nr+(3—Hv )G,+2(1-2v.)B

+[2C

+[2C,+12(1-v,)D r2+6E.

3
+12(1-v.,)D r2+6E r—u+4v F r_2]c052e }
3 3°73 3 33 -
1(2C +6Dlr -6E 1T u—2Flr_2)sin26 ?

IX‘ ((20 +6D, 7 °_6E 1 =4

\ —2F2 - )81n26 }

] '
-4

((20 +6D,r —6E3r ~2F 1~ )81n26

TN

e,

(59)

(60)
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The relation between strain and displacement given in Eq. (8)

expressed in cylindrical coordinates becomes

aur
Crr T BT (61)
u ou
Uy 1 9
€0 = T Y T 3 (62)
Ju u u
_1,%% Y 1 %Y
trg “ 33 - YT 3 - (63)

Utilizing Egs. (58-60) one finds by partial integration

-1
5/.—Alr +2(l—2vl)Blr N
3 - -
-[2C,r+4v,D r7-2E r 3—4(l—vl)Flr 11cos26
—A2r +2(l—2v2)B2r \

w3 -3 -1 /
—[2CZP+MV2D b —2E2r —M(l—v2)F2r lcos?26 ;

2

-1
—A3r +2(1—2v3)G3r&nr—D+(l—Mv3)G3r+2(1—2v3)B3r

{
i
t

7/

_[203r+uv3D3r3—2E3r—3—4(l—v3)Fgr—lJCOSZG _ (64)
r _ - ~
! 2[Clr+(3—2vl)Dlr3+Elr 3—(1—2vl)Flr sinz2e ;
; {
I%G ug = 2[02r+(3_2vl)D2r3+E2r_3_(1—2v2)Fgr_l]sin2e %
r 3 -3 -1, }
4(1-v3)G3r6+2LC3r+(3—2v3)D3r +E3r —(1—2v3)F3r ]51n26_) (65)
u, = €,.2 . (66)

The unknown functions in the partial integration are set to zero

in order not to introduce rigid body rotations.
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Boundary Conditions

At r=a no traction is transmitted. Hence

Opp = Ong = 0, (67)
or

Aa™? + 2B, = 0 (68)

1 1
-4 -2 _
—201 - 6Ela - MFla = 0 (69)
2 -4 -2 _

2Cl + 6D1a - 6Ela - 2Fla = 0 ., (70)

At r=b the equilibrium condition is
(+) (-) -

Opp = Opp’ + £, =0, (71)

and
(+) (-) -

Ong’ = Opg + fg =0, (72)

where fr and fe are given by Egs. (31-32). Thus
-2 _ . e 2 =2, 2. =2
(A2—Al)b + 2(B2—Bl) = —W1O[10b rg +1l(1+c r. )] (73)
- -2 _ s . L2 =2, 2 =2
—2(C2—Cl)—6(E2-—E1)b —4(F2—F1)b = —’lTlO[lob r +1l(1+c T Yl (74

2 oy, =l -2 _
2(C,=C,)+6(D,=D )b ~6(E,-E, )b ~2(F,-F)p™ " =

2 2 -2>] (75)

. . -2, .
ﬂlo[lo(l+b ry )+11(l+c r

Also at r=b the displacements are continuous.

ur(+) - ur(—) = ue(+) - ue(—) =0 . (76)

From Eqs. (64-65) one obtains

1+v 1+v
2 -1 1
Y2 [—Agb +2(l—2v2)B2b] - —?I—

1

[-Alb +2(l—2vl)Blb]



- (vg—vl)ezzb = - (1+v

1+\)2
Iy

[-ECzb—Msz

2 2

l+\)l
Y1

b3+2E

[-2C 1 1

lb—U,\)lD

1+v

o

'l+vl

B

At r=c the equilibrium

(+) (=) -
Opp = Opp” + T =0,
Hence, using Egs. (55) and

-2
(AB_AZ)C + (22nc+l)G3

-4
—2(03—C2) - 6(E3—E2)C

2
2(C —02) + 6(D3—D2)c -

3

At r=c ur is continuous or

b34+2E b 3+4

2 3
[2C2b+2(3—2v2)D2b +2E

3 -3 -1
[2Clb+2(3—2vl)le +2Elb —2(1—2v1)Flb ]

L(+)

-13-

Jk-.b

)k2b+(1+v 1

2 1

-1
(l—vZ)ng ]

-3 =15 _
b +u(l—vl)Flb ] =0

-3 -1
2b —2(1-2v2)F2b ]

0

condition is

e *

ro

(57)

2

+2(B3—B2) = - ﬂiﬂio(—bgc_

-2
- H(FB—Fg)c =

2 =2

+b°

A - 2. . 2
- ﬂll[lo(—b c r J+ic

-4 -2
6(E3—E2)c - 2(F3—F2)c

2+b2

- S -2 ..
= wll[lo(b C ry )+ll(l+c

r
S

2

r
S

FN=284
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_2]

-2

)]

+b2rs—2)+i c

1

2

(77)

(78)

(79)

(80)

-2
r ]

(81)

(82)

(83)

(84)

The pretension condition in the band is formulated by utilizing
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the notion of rotational dislocation5 whereby a small angle o
is removed from the band. Subsequently this angle is closed up
and held by welding, slippage between the band and region 2

being permitted. Thus, for region 3 and r=c
ue(2ﬂ) - ue(o) = co . (85)

After removal of the term responsible for pretensioning, sub-

sequent slippage is not allowed and then for r=c

(+) (=)

ug minus term prop. to 6 = ug . (86)

The conditions of Egs. (84-86) yield

l+\)3 -1
Y3 [—A3c +2(1—2v3)G3c(£nc—l)+(l—4v3)G3c+2(1-2v3)B3c]
l+\)2 -1
- Y2 [—Agc +2(1—2v2)B2c] - (v3—v2)ezzc = (l+v3)k3c+(l+v2)k2c (87)
1+v
3 3 -3 _ -1
Y3 [—203c—4v3D3c +2E3c +4(1 v3)F3c ]
1+v
- Y22[-202c-uv2D2c3+2E2c‘3+u(1-v2)F2c‘1] =0 (88)
(l—\)32)
4__Y—_—_G c2m = co (89)
3
3
14+v
3 3 -3 -1
2-—Y§—[03c+(3-2v3)D3c +E3c —(1—2v3)F3c ]
1+v
2 3 -3 -15 _
~2-j;;—[020+(3—2v2)D2c +E2c —(l—2v2)F20 ‘] = 0 . (90)

At r=d no traction is transmitted. Hence
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Orr = Ore =0
or
-2 B
A3d + (2£nd+l)G3 + 2B3 =
-4 -2 _
- 203 6E3d - Mng =0
2 =4 -2 _
203 + 6D3d - 6E3d —2F3d = 0

Note that Egs. (68-70, 73-75, 77-79, 81-83, 87-90, 92-94)

provide 19 conditions among the 20 variables A. B. C Dl El B

1 71 71 1

Ay By C, D, B, F, Ay Gy By Cq Dy

Use of Virial Theorem

E3

]

3 ‘ 7z’

The virial theorem in Egq. (23) may be expressed as

=
T-ndsS + W

= _ >
fvtrodV = [4P B

S

But the traction on the surface is6

= 7[H(H-n) - 5Hn]
It is assumed that the magnet i1s of finite length and that the end

surfaces used to specify S are sufficiently far removed so that no

fields are present. On the cylindrical iron surface r=rg

I

S 2 2
n

— 1 v
re - gF<Hr'_H6 )rs

]

Using Eg. (25-26) for the fields

i 2
Ty 28T
fSP'T'HdS = 5

Ts

2,
+1l

. 2,2
(1Ob c™)

The magnetic energy is given by Egs. (25-26) and (35)

2 2

2.2 - S - I . 2.0 o
WB = T [10 b +21011b +1,%¢ +(1bb +110 ) ry 1,

which, together with Eq. (98), gives

(92)

(93)

(o)

(95)

(96)

(97)

(98)

(99)
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2

= _ 2. 2 s s O
fvtrodV = 47 [10 b +210110 +1l

2 2

2 . s L 2\2_ =2
c +3(1Ob +1.c ) r 1. (100)

Then, using Eq. (14) to eliminate o,, one has after cancelling the

effective length &
ff[(l+v)(Grr+oee)+Y(eZZ—k)]rdrd6 =

2[102b2 2 2 241 02)2r '2] . (101)

+1
1 S

T 1

. s 2 .
2
+el 1.b c +3(1ob

Using Egs. (55-56) this gives the condition

4ﬂ(l+vl)(b2—a2)Bl + 4n(l+v2)(c2—b2)82

2 - 2 2 2
+2ﬂ(1+v3)[d (24nd+1)-c (2!an+l)]G3 + Mn(l+v3)(d -c )B3
1LY, (07-a%) 47, (c®-b°)+¥(a%=c®) Je

_ 2 2 2,2 2 2
= n[lel(b -a )+k2Y2(c -b )+k3Y3(d -c7)]

£PT1 Pp421 1 D941 %c243(1 bo+i
O (@) o

(b 02)2rs_2] , (102)

1
which provides the last condition necessary for determining all

of the unknowns. The current densities iO and il can be chosen

in many ways. The following choice comes from equating respectively
the current and radial moment of the current in the two sheet dipoles
to the same quantities in the thick cosine theta dipole and ex-
pressing the result in terms of the central magnetic field Ho. Thus
Eq. (24) becomes

cb'l+2} H_ cosé6

O
. : (103)
bc_l+2“{ 12ﬂ[l+%(b2+bc+c2)rs—2]
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Internal Energy

The expression for the internal energy in Eq. (1) may be obtained
using the strains in cylindrical coordinates by partially integrat-

ing Eq. (2) using Egs. (37 - 40). Thus

_ 1 2 2 2
W= §<X+2“)(€rr+€ee+€zz) + A(Erreee+€eegzz+€zz€rr)
2
tue o - k(3a+2u) (e e e ) . (104)

After rearrangement and use of Egs. (37-40), the strain energy

may be written in terms of stresses and strains:

j—
W = % 2[crr_k<3x+2u>]em + [oge-k(3r+2u) Je
L
+ [o,,-k(3rx+2u) e + o4 Erej}‘ (105)

Stress Distribution in Iron Shield

In the region of the iron shilield between r=ry and r=RS the

Airy stress functilion may be taken as

2

o = Anr + Br°® + (Cr2

+Dr4+Er—2+F) cos28 . (106)

Equations (51-54) then give

-2 -4 -2
0., = Ar " + 2B - (2C+6Er™ "+4Fr °) cos28 (107)
-2 2 -4
Ogg = = Ar " + 2B + (2C+12Dr~+6Er ') cos28 (108)
_ 2 =4 -2 .
Opg = (2C+6Dr--6Er -2Fr °) sin26 (109)

(") - T(+) - O)

The boundary conditions at r=r_ are (o

s rr rr
Oé;)_ Tﬂ;} =0 (110)
o{t=0, (111)

where, from Egs. (96) and (25)
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(=) _ 1 2 _ /o .2, 2y2 =k )
Tor = B Hr = ﬂ(lob tijc ) ry (1-cos28) . (112)
Hence
-2 _ .2, 2.2 -1
Ars + 2B = - ﬂ(lou +ic ) ry (113)
- -2 _ . . 282 -4
-2C ~ 6ErS - MFrS = w(igb tijc )" Ty (114)
2C + 6Dr_° - 6Er_ "t - 2pr "2 = g (115)
s s S
At r=RS the boundary conditions are
O,p = 0. = 0 . (116)
Hence
AR "% + 2B = 0 (117)
-4 -2 _
2C + 6ERS + MFRS = 0 (118)
2 -4 -2 _
2C + 6DR - 6ER - 2FR = 0 (119)
S S S
Note that Egs. (113-115, 117-119) provide six equations for de-
termining the six unknowns (A-F).
As 1n the previous problem the generalized plane strain
approximation will be used. Since this introduces one more un-
known, the longitudinal strain, the virial theorem will be used to
provide the last condition. Thus using Eg. (95) and (97) with an
inwardly directed normal gives
- 2, 2,5 2.2 -2
[I(0, t04g%0,, )rdrd8 = - 27°(1 b7+i c™)" r_ . (120)

Equation (47) may be used to eliminate OZZ. In this case since

the iron shield remains at room temperature k=0. Thus
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c2ye p "2 (121)

B 2, 2.,
ff[(l+v)(crr+oee)+YeZZ]rdrd6 = - 27 (1Ob 1, <

Integrating after using Eqgs. (107-108) for the stresses gives

2 2 B 2,. 2., 2.2 o
n(Rs -r )[u(1+v)B+YeZZ] = - 271 (1Ob +1,c ) r . (122)

Thus the longitudinal strain is determined.

Numerical Calculations

The stresses and strains that exist in the three nested hollow
cylinders have been calculated as a function of the central mag-
netic field. Twenty algebraic relations in Egs. (68, 69, 70, 73,
T4, 75, 77, 78, 79, 81, 82, 83, 87, 88, 89, 90, 92, 93, 94, 102)
among the nineteen coefficients in the Airy stress functions
D

. C, D, E, F, A C
(A1 BL c E, F, A, B G, B 3 D3 E3 F3) and

17171 172 72 7272 72 "2 73 73 73

the longitudinal strain €0 have been solved. Thus the stress and
strain of any point in the dipole model structure may be found.

For simplicity in the presentation of numerical results, however,
only the values on the median plane are given. It is usually clear
whether a quantity is stress or strain. Otherwise, R is radial,

T is theta or azimuthal, Z is axial or longitudinal. With regard
to position A, B, C, D are the points on the median plane at the
cylindrical boundaries between the various media. To indicate the
side of the point, P 1s used for positive and M for negative. Thus,
for example, RTBP indicates the (r, 6) component at the positive

side of point B.

The boundary between elastic and plastic isotropic media 1is a
function of the invariants of the tensor representing the deviation

of stress from the mean stress. A generally accepted simplification
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of this condition regards the onset of plastic flow as being

determined only by the second invariant of this tensor6

_ 1 2 2 2 2
JZ B KE(Orr_oee) +(Oee‘6zz) +(Gzz'orr) 1+ g - (123)
Since the condition may be stated as
37, = ¥, ° (124)
2 t 2

where Yt is the yield stress in tension, the /§T§ has been
tabulated for ready comparison of the state of stress with the
vield point. Note that for 45 kG the band stress slightly exceeds
the elastic limit.

A comment relative to the appearance of negative elastic
energies is in order. Equation (1) is actually an expression for
the density of free energy (u-Tn) where u is the internal energy
and n 1s the entropy density7. However, the term in Tn that
depends only on the temperature has been dropped since it does
not affect the state of stress. Hence, negative values of the
free energy are caused by positive values of the entropy density.

For completeness the effect of the distortions caused by banding,
cooldown, and magnetic excitation are indicated by their multipole
contribution8 to an cotherwise pure dipole field. At the reference
radius 1let

AB = AB. + AB (125)

1 3

where ABl is the change in the dipocle component and AB3 is the

change 1n the sextupole component of the resulting field. Further,
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let

AB, = AB + AB

1 lc AB. = AB + AB3S s (126)

1s 3 3e

where the subscript ¢ refers to the contribution due to the
conductor alone and the subscript s refers tec the contribution
from the shield. Also let

P
B

_ 3
1 R3 = 35 (127)

where B 1s the original magnetic field for zero mechanical dis-

placement field. Thus, the output lists AB AB, ., R, and AB

1lc? 1s 1 3¢’
ABBS’ R3 for the displacement field that results from each state
of strain.

No calculations have been made for the stresses in the iron

since the inner iron surface field is modest.
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